This paper is based on the idea that wave mechanics is primarily suitable for giving an indirect description of nature. The world to which the equations of the, theory here pro posed are directly applicable is an unnatural one, containing sources and sinks of matter which give to its radiational laws a symmetry lacking in nature. The theory may be regarded as consisting of two postulates. The first (which may, if desired, be regarded as a definition) specifies the character and properties of an unnatural assembly of systems, each consisting of an electron in a static potential field U. It states that, of the energy radiated in an elemen tary solid angle of standard magnitude, the part which will pass through an analyzer which transmits the component of electric field in a given direction (perpendicular to the line of observation) is determined by applying the usual Schrodinger interpretations (of density, current and material energy) to a Schrodinger equation perturbed by a term which is a certain constant multiplied by the electric field, in that direction, acting on the electron, due to the potential field U. (For comparison with classical radiation theory, it will be noted that the perturbation term vanishes in any region in which, from the classical standpoint, the electron is not accelerated, in that direction, by the field U.) In the process of specifying the radiation from the assembly, the Schrodinger interpretations will have specified also the nature and magnitude of the sources and sinks of electrons (each in a field U). Their presence is due, mathematically speaking, to the multiplying constant mentioned above being a com plex quantity. From these results the properties of a natural assembly are specified by means of the second postulate, which states that when the sources and sinks are removed, any process which in their absence is meaningless or physically inconceivable will cease, and all other processes will remain unaffected. The calculation is readily extended to include the effect of an external field of radiation. The theory requires no representation of radiation other than the Maxwellian wave, and will be free from the clifficulties encountered in other theories. 1
1.
The starting-point in the setting up of the Schrodinger equation was the classical Hamiltonian for an electron moving in a stationary electric field, under the influence of no external radiation, and with the force exerted on the electron by its own radiation neglected. I t was soon found th at to explain Einstein's induced transitions it was only necessary to start from a classical Hamiltonian which took account of the applied electromagnetic field, while still neglecting the force on the electron due to its own radiation. The calculation naturally predicted no spon taneous transitions; and an attem pt to calculate them from the radiational field which the electron set up at a distance led to the impossible conclusion that the rate of spontaneous transition from one level to another depends on the number present in both levels. If an attem pt is made to obtain the spontaneous transitions by adding a simple perturbing term to the Schrodinger equation, it is found th at no simple equation and interpretations can give the radiational law which is found in nature; the expressions obtained are always too symmetrical. In the theories now current, the law results from the introduction of certain non-commuting quantities (associated, in most theories, with the radiation); but their introduction leads at once to some puzzling physical conceptions, giving the impression that the mathe-matics has been forced to describe certain characteristics of a system, for a general description of which it is unsuitable. And when it is found that, after many years, it is still a m atter of discussion whether the expressions of infinite magnitude which arise in a detailed study of the most widely used of these theories constitute a fundamental defect, or are due in all cases to the erroneous use of an expansion process, it may be felt th at such theories, even if not actually wrong, probably do not give the simplest possible approach to the subject. I propose, therefore, to consider whether it is possible to develop a theory from which the fundamental cause of these difficulties is absent. The theory will postulate a simple wave equation and interpretations, and will therefore, as remarked above, not be directly applicable to the world of nature. Use will thus be made of the general idea, due to Dirac, th at it may be possible to specify some unnatural world which lends itself more readily to mathematical representation than does the real world, but which is nevertheless so simply related to the real world th at the properties of the latter may be derived, by some simple and general rule, from those of the former. To anticipate somewhat, it may be said that in the unnatural world which will be proposed in the present paper there are sources and sinks of matter, but light requires no representation other than the Maxwellian wave.
2.
Taking first the (entirely academic) one-dimensional case, and writing ' for d/dx, we will start from the Schrodinger equation for an electron of charge ~e and mass m, moving in the x direction in an electric field of intensity constant in time. We write U for the potential energy of the electron; thus U'. In visualizing the solutions we may think of the potential curve as a hollow; and, to avoid a trivial complication, we may suppose that at infinite distances U is infinitely greater than a t the minimum. We will now develop the mathematical properties of a differential equation, to which at present we assign no physical significance, obtained from this Schrodinger equation by adding a perturbation term XU', thus changing the equation to b2 22 where H0 = --r -U and Hx = XU' = XeE = M E, say. 8n2m dx2
All we can say at this stage is th at Hx must have the dime th at M must have the dimensions of an electric or magnetic moment. Let us con sider how an M having these dimensions can be formed from fundamental quantities. First, the Bohr magneton he/Xnmc, say Mx, is a magnetic moment. Again, if we multiply the electron's charge by its 'electromagnetic diameter', 4e2/3c2m, say a, we obtain a quantity which evidently has the dimensions of an electric moment; and since in wave mechanics we are not unaccustomed to encounter electric moments with imaginary values, we need not hesitate to consider a moment, say defined as iae. To the M in Hx we will give the value It is so that 
The (f> n's, like the 's, are normalized, but the orthogonality is perturbed. I t will be noted th at vmn = -vnm, and hence A mn = -A n and equal to the Einstein coefficient of spontaneous transition.
2a.
Besides specifying these solutions, we will note some general properties of equation (1). From th at equation and its conjugate we readily obtain dp dt where p = ^r^r* and j We are not much interested in the expression for F, except to note th at for a linear sum of our x j r fs (and we shall consider no other type of solution) it goes to zero a great distances. We note also th a t the last term in (4) is a positive quantity preceded by a negative sign; we shall be particularly concerned with the integral j2nj32U'2pdxlh.
One further point may be mentioned; for a solution ijr = Zcntjfn the integral dx by terms which are either of smaller order than (5) or are purely oscillatory in time.
3.
After this purely mathematical introduction we proceed to physical con siderations.
The setting up of a quantum-mechanical wave theory may be thought of as conducted in the following manner. We propose a differential equation (and inter pretations) which we hope will prove applicable to a certain system. Certain im mediate consequences of the equation and interpretations, such as the presence or absence of sources and sinks, in the hydrodynamical sense of the terms,* must, of course, be incorporated in our specifications of the system to which we hope the theory will apply. If the system is one which can occur in nature, and if on working out the detailed consequences of the equation and interpretations we obtain results in agreement with the experimental properties of that system, then we may say th at the calculation constitutes a satisfactory wave theory of th at system. If, on the other hand, the system to which we hope the equation and interpretations are applicable is an unnatural one (if, for example, it contains sources and sinks), then our list of interpretations must conclude with one which specifies the effect of re moving the unnatural features of the system; for it is only when that has been done th at we can make the comparison with experiment which decides whether the theory is satisfactory.
Before proceeding to a theory which takes account of radiational processes the above remarks will be illustrated by a simple example, in which will be constructed a wave theory of a certain system, first by a natural, or direct, method, and secondly by an unnatural, or indirect, method. (It happens that the system considered is only differs from J dw J ~dt * In hydrodynamics a fluid in which the equation of continuity does not hold (and which could thus only exist if we had the power of creating and annihilating matter continuously when and where we chose), is described as containing sources and sinks. The use of the term will serve to remind us that, from a classical standpoint, there is nothing new or objectionable in considering such systems. The properties of fluids having this unnatural character were, of course, worked out in detail at an early stage in the development of hydrodynamical theory, and are employed as a powerful mathematical device.
Vol. jiQi. A.
P. M. Davidson
one in which there is an emission process; but it is an emission of particles, and it is not wished to draw any comparison between th at emission and the emission of light, of which the present theories do not yet take account.) The leakage of particles from a spherical region through a high potential barrier surrounding it is considered, the number of particles inside the barrier not being maintained by an artificial (unnatural) generation of m atter inside the barrier, or by bombardment from out side. In the well-known treatm ent the Schrodinger equation is proposed, with the usual interpretations of density, current and so forth. (The equation of continuity thus holds.) Solutions are found which are in satisfactory agreement with the experi mental facts concerning the emission of a-particles from radioactive nuclei, to which the system considered is regarded as approximating. The IT in a solution contains a small imaginary part; in other words, the number of particles inside the barrier, or inside a surface drawn round the barrier, progressively diminishes, and there is an outward current through such a surface.
In the artificial or indirect theory we will begin by proposing an equation and interpretations which we hope will apply to a system which differs from the above in th at the decay is prevented by an artificial generation of particles inside the barrier, to replace those which escape by leakage. The equation which is proposed is obtained from the previous one by adding to the potential inside the barrier a quantity, sayiy, where y is a real constant. The interpretations of density and so forth will be retained; thus inside the barrier dp/dt = -div j + 4nypjh, where p is the density and j the vectorial current. By adjusting the strength of the internal source specified by this last equation, th at is, by adjusting the value of y, we obtain, for comparison with each of the decaying states described above, a slightly different state, in which W has a slightly different value and is real; th at is, there is no decay. There is still, of course, an outward current, and the rate of leakage, as measured by the emission coefficient, is, as would be expected, practically the same as in the previous calculation.* In this indirect theory, the final step which we have now to take, in order to compare the predictions with experiment, will, as stated above, be regarded as an interpretation (though it may appear somewhat pedantic to do so, since it is fairly obvious on physical grounds th at the artificial maintenance would merely prevent the decay, and would not appreciably affect such quantities as the emission coefficient). This interpretation, to be employed in all such cases, will be formulated as follows. Processes whose existence is directly dependent on the artificial generation or destruction of m atter will be absent in the natural system; all other processes will be the same as in the artificial system.
We have seen, then, th at in the example cited the direct and the indirect theory (which begins by considering a system containing an artificial source) lead to the same predictions and are thus equally satisfactory. The example is merely intended to show th at there is nothing unsatisfactory in the idea of employing an artificial, or indirect, theory of this kind. In the example, the actual calculations in the indirect theory are only slightly neater than those in the direct theory, and this is what we should expect, considering the simplicity of the phenomena involved. B ut if, now, we wish to construct a theory in which the dissipation of energy as light is no longer neglected the situation is different; for in a system such as that described in italics in the first sentence of § 2 (or in any atomic system), the natural spon taneous transitions cannot be represented by expressions which have algebraic symmetry (in a sense to be explained in the following section); thus it will not be surprising if, associated with the natural system, there is an artificial system which has more symmetrical properties, and can thus be represented by a much simpler equation and interpretations (giving rise to simpler and more symmetrical cal culations) than would be possible in a natural treatment. I t will now be shown th a t to such an artificial system equation (1), with simple interpretations, applies.
4.
We will first choose our interpretations, for as we have said, they determine in some measure the system to which we may hope the calculations will apply.
We will retain the Schrodinger interpretations. That is, for the density and current we will retain the usual interpretations, while for the total energy of matter, or material energy (which we now define as an energy any diminution of which in a system, in excess of that attributable to an actual removal of particles from the system, indicates the emission of an equal quantity of light energy), we retain the Schrodinger expression jw dx. We will go further and attribute a material energy w to the matter in unit length. (3) asserts that on these interpretations the system to which we may hope the calculations will apply is not a natural one, but is one in which, in every elementary region of x, we are annihilating, in unit time, a fraction 2 , (iU'\h of the matter there present; while (4), integrated over the whole range of x ,asserts that if, in annihilating this fraction of the matter in each region, we have annihilated the same fraction of the material energy, then light energy is being radiated from the system at a rate given by the expression (5), as is seen on noting the mathematical property mentioned in the last sentence of § Inserting the solution = Zcn rjrn in (5), we may, in evaluating th at expression, replace (f> n by 0° for the accuracy considered; then (using U'(j)Q n -2 ' U'mn'fim) we m readily find that its value, apart from smaller or oscillating terms, is
As usual in wave mechanics, the complete system whose statistical properties the wave equation and interpretations will be regarded as specifying is best thought of as an assembly of separate systems, each consisting, in our case, of an electron in a potential field U. The sources and sinks indicate an addition, or abstraction, of these separate systems to, or from, the complete system, or assembly (or, other wise expressed, a generation or annihilation of separate systems in the assembly).
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There is no question of varying e and m. I t is easily shown th at the expressions obtained above for the rate of radiation of light energy, and rates of annihilation of m atter and material energy, indicate th at the statistical processes occurring in the assembly represented by \]sn may be expressed in words thus. In unit time, two simultaneous processes have (with our assistance) taken place: (1) a transition, to each m level, of a fraction of the particles in the n level, with emissionf of light, and (2) an annihilation of this number of particles in the m level, and also in the n level. (The processes are symmetrical in the sense th at these statements are true for all m's, whether greater or less than n.) I t need hardly be said th at the annihilation of a negative number of particles can equally well be described as the creation of a positive number, and the transition of a negative num ber of particles from a level
Xt o a level can equally well transition of a positive number from the level Y to the level X .
As a result of the two processes (1) and (2), we have the exponential change in the number of particles in the n level (represented by the time factor exp { -2 2 ' /* m in I ftn d%), all the other levels remaining empty.
The process (2) is, of course, entirely due to our own activities, and will be absent in the natural system. We have to apply the interpretation formulated in § 3 to decide whether the process (1) will be altered by the absence of the annihilations (2). When m > n, A nm is negative, so th a t in the absence of process (2) process (1) is physically impossible (it would consist of the transition of a negative number of particles to an unoccupied level). But when m < n, A nm is positive, and the transi tions to the m level are not made impossible by the mere fact th at we are no longer annihilating the particles as fast as they arrive in the m level; thus our interpretation requires th at these transitions shall continue. They are, of course, the familiar Einstein A transitions. The result may then be extended to the case xfrn As regards the term Hv it will be noted th at our factor makes the real and imaginary parts of the electric moment M equal in magnitude; but this equality is not essential to the theory. 5
5.
As might be expected there are other ways in which the processes may be made symmetrical. In particular we may take H as 87Tzm 2 + U(x + î /?), ( 6) so th at to the accuracy of the expressions corresponding to (la) and (16) 
The interaction of radiation and matter we see that, owing to the extra term in
Hl Wn wil retain the Schrodinger interpretations we find th at in the system to which we may hope the equation will apply we are still generating m atter artificially, even though the total rate of generation is evidently zero; we find, in fact, th at the processes taking place are just as before, except th at in process (2) the rate of annihilation in the n level is of the same magnitude as before, but of opposite sign; th at is why there is no decay. On applying our interpretation of the effect of removing the artificial characteristics of the system we find the same predictions as before; thus the treatm ent is equally satisfactory. I t will be noted th at if we write X = considered, is (-
or if we prefer to use (6) the equation is
Writing the equations in this form makes it very clear why Wn is IF® in the second case and WQ n -\i/32U"nn in the first case.
6. In the one-dimensional case the potential field U may be thought of as due to a fixed cloud of electricity (arranged in infinite sheets, each of uniform electri fication). If now we imagine the cloud concentrated into a small region, or nucleus, preferably not too symmetrical, we obtain a typical three-dimensional case. Using the treatment based on (1) or the equivalent equation (7), the generalized equation which may be proposed in a three-dimensional case is obvious from (7), and it is easily shown that the expressions for the transition coefficients will assume their familiar three-dimensional form. Also it is easily shown that Wn -IF® is -|i/?24zriVe2/0® (where N ei s the nuclear charge and p°n is the value of ^® $6® * in the region of the nucleus). Its value is small compared with a fine structure interval. This expression for it is, however, of less interest than the summational expression for it in terms of the A nm's. 7
7. However, we do not wish to dwell on a mere three-dimensional generalization of the previous theory, for in making the extension to three dimensions it is con venient at the same time to modify the theory so as to specify not only the rate of energy radiation but also its angular distribution and polarization. The mathematics is, in fact, actually simplified by so doing.
Considering the radiation emitted in an element of solid angle (of standard magnitude A ) around a given fine drawn from the atom, we fix our attention on the part of this radiation which emerges from an analyzer (through which the atom is observed) which transmits only the component of electric field in the direction of a unit vector d (perpendicular, of course, to the line of emission). Starting from the three-dimensional Schrodinger equation, we postulate th a t the processes which give rise to this part of the radiation are determined by adding to the Schrodinger equation a perturbation term which is simply a constant multiplied by the electric field, in the same direction, acting on the electron, due to the static potential U. A simpler postulate cannot be imagined. Since this perturbation term is ^/^(d g ra d U), where /?x is a constant, it will readily be seen th a t § § 2, 2 and 4, rewritten in three-dimensional form and with this perturbation term instead of the original Hv will give the desired results* if /?f is given the value 3/?2d/87r. § § 5 and 6 are now superfluous.
I t must be remembered that the characteristic of our unperturbed equation is th at it neglects only the force on the electron due to its own radiation, and th a t the radiation processes to which the above perturbation procedure refers are those not revealed by such an unperturbed equation. Thus if we now consider how our calcula tion is modified by the presence of an external field of radiation, we see th at we have to apply the perturbation, not to the simple Schrodinger equation, but to the Schro dinger equation modified so as to include the external field, regarded as an oscillating field of electric potential (or alternatively we may generalize the treatm ent so as to take as the unperturbed equation the Schrodinger equation in the form which takes account of the vector potential field which more accurately represents a light wave). I t has always been recognized that, with a general radiational field, the solutions of this equation (our new unperturbed equation) are not purely oscillatory, and give a full account of the Einstein B transitions. But if, for example, we wish to calculate the Raman transitions which arise when the radiation does not contain resonance frequencies, we have, as solutions of the new unperturbed equation, a set of purely oscillatory functions (an expansion as far as the first power in the amplitude of the external field is sufficient for this purpose), reducing as the amplitude of the external field is reduced, to the eigenfunctions of the original unperturbed equation. On applying our perturbation we find, in addition to the A transitions, a set of transitions some of which depend entirely on the artificial generation of m atter, and are physically meaningless in its absence; in accordance with our rule we delete them in passing over to the natural system, and the set which remain are the wellknown expressions specifying in detail the intensities of the Raman radiation.
Further details are added to the results by introducing the refinement which was mentioned in the footnote, and which is dictated by consideration of the finite velocity of fight; and by setting the nucleus free, so th at we now have six co-ordinates. We then obtain very detailed results, employing the Schrodinger equation in the form which takes account of a vector potential a, not forgetting, in the perturbation term, th at the electric field now contains a contribution from the vector potential, so th at the term is ^i/^d jg r a d U -^ajj. The calculations are stra
* As a refinement of the theory, the perturbation term has to be modified if the results are to remain correct when the wave-lengths of the emitted light are so small as to be comparable with the linear dimensions of the atom.
and from the solutions we see th a t in all the changes in the atom 's state, whether spontaneous or under the influence of light, there is a change in its translational motion (specified by a vector equation which, remembering the classical expression fQr the momentum contained in a light wave, is seen to express the conservation of momentum), the emitted frequencies being slightly different from what they would be if the nucleus were held fixed. The solutions give us the familiar intensity expres sions for all these processes (they actually arise as expressions involving, of course, the matrix elements of (d grad U), but they are easily transformed into the familiar expressions). One point may be mentioned, concerning the intensity in the scat tering transitions (which differ from Raman transitions in th at the atom 's electronic state does not change); if we transform our expression for the scattered intensity into the Dirac expression (rather than the equivalent Kramers-Heisenberg expres sion), we see th at the part of it which is usually referred to as the cos 6 term has arisen from the a part of our perturbation term, and the rest of the expression from the grad U part. If we carry out our calculations using a free electron instead of the atom (the perturbation term thus reducing to the a part), we find th at the scattered intensity expression reduces, as it should, to the cos 6 term.
8.
For relativistic calculations we must write the perturbation term in a more general form, dictated by the following considerations. Taking an equation
{h o-= which may be the Schrodinger equation for an electron in a general field E and H, or the corresponding Dirac equation, and defining the time-dependent matrix elements of an operator in the usual way, a well-known expression, usually written ~ {Fl^ _ .H^F}, enables us to specify an at ct n operator whose matrix elements are the time differentials of those of a given operator F. Thus we can specify an operator, say v, which we will call the velocity, whose matrix elements are the time differentials of those of r, and an operator, say f, which we will call the acceleration, whose matrix elements are the time differentials of those of v. In the non-relativistic case we find that f is simply P/m, where P is -e{E + ^v x h | , which is the usual expression for the force exerted on the electron by the field. (This, of course, is just the result which we should expect to find in non-relativistic mechanics.) Now in this non-relativistic case, the perturbation term which we employed was a constant times the component (in the direction of d) of a force which differed from P by the omission of the v x H term ; and though the difference is trivial for the cases which we considered it is evident on logical grounds that we should not have omitted one part of the total force on the electron (we should, in fact, have included also the force exerted on the electron by its own radiation; but this may conveniently be assigned to a higher approximation). Inserting the value of j3f we see that 'perturbation term was *JiB (d.f) where B 2 is e2h A /4772c3, and i is an operator w are the time differentials of those of the velocity. Now since we are formulating a perturbation term which is to specify a rate of emission of electromagnetic radiation, we may expect it to depend on the time differentials of the velocity; the definition given above in italics will therefore be proposed as the general form, to be used also in relativistic calculations. (As remarked above, there will be no difficulty in finding an explicit expression for f but for many purposes we are only concerned with its matrix elements.) As the simplest application of the relativistic theory, the Klein-Nishina formula is readily derived.
W ithout going further into the detailed applications of radiation theory, it seems safe to conclude th a t a theory of this kind, suitably generalized and extended, would give all the results obtained by existing theories, in so far as they are correct, and from its nature it would never encounter their characteristic difficulties, such as those which arise from their non-convergent integrals. In conclusion, brief con sideration will be given to one other m atter-the width of the energy levels in a natural system-which illustrates a rather different aspect of the theory.
In our expressions for the \Jf' s of artificial systems, the real ex have a simple interpretation in terms of the transition rates of the artificial systems, and are, of course, characteristics of the artificial systems; they do not indicate the widths of energy levels in a real system. As a typical example of a real system used in spectroscopy we may take the atoms in a discharge tube. The total number of atoms in each energy level does not change progressively with time, but in every instant the level is gaining and losing atoms, in equal statistical number, by un correlated (incoherent) processes. An atom after entering the n level only remains there during a finite mean lifetime whose reciprocal, say y n, consists of a term ^ A nm m<n due to the atom's spontaneous transitions from the n level, together with other terms, often of negligible magnitude, which are due to other causes and depend on the experimental conditions. By our fundamental postulate a wave representation of the real system is not to be regarded as a solution of a differential equation, but it must evidently incorporate the properties which we have found for the real system. Only in the case of non-interacting and unexcited atoms permanently in the ground state would an expression with time factor exp t/h) be an adequate repre sentation; a sum of such terms with the various JF°'s is not adequate to represent the atoms in a discharge tube, since it contains no indication of the finite mean life time of an atom in a given level. When the expressions are modified to indicate this departure from a strictly harmonic character, a Fourier analysis gives the familiar quantum-mechanical expression (with half width hyn) for the broadening of the n level.
